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Abstract. In this paper, we study representations of the rational Cherednik algebra associated to the 
complex reflection group G4. In particular, we classify the irreducible finite dimensional representations and 
compute their characters. 



1. Introduction 

For a complex reflection group W with reflection representation V, we may define the rational Cherednik 
algebra H C (W) to be a deformation of the algebra C[W] X T>(V) dependent on parameters c s for each 
conjugacy class of reflections s in W . Some recent study has focused on the classification of representations 
of H C (W) for various groups W. The basic question in this case is to determine the characters of the 
irreducible _ff c (IF)-modules in a certain category O for all values of the parameter c, and in particular to 
determine which of them are finite dimensional and to find their dimensions. For groups of type A, this 
question was studied in |BEG] and |CEj . and for dihedral groups, it was addressed in |Chmj . 

In this paper, we classify and give character formulas for the finite dimensional irreducible representations 
for W = G4, the first sporadic complex reflection group in the Shephard-Todd classification. This case is 
especially interesting because it is the only one other than wreath products for which the rational Cherednik 
algebra provides a quantization of a smooth symplectic variety (see |Bel| ). Our methods should be easily 
applicable to other two dimensional complex reflection groups. 

The structure of H c (Gi) depends on a two-dimensional parameter c = (ci, C2). In an appropriately chosen 
coordinate system, we find that there are finite dimensional representations only on a periodic family of lines 
forming a wallpaper pattern of type *632. For points on exactly one line in this pattern, there is a unique 
irreducible finite dimensional representation, and the category of finite dimensional representations is semi- 



simple. This classification is given in Theorem 3.1 At intersections of the lines, the representations from 
each line may degenerate. We find that there are three types of intersection points and that the structure 
of the finite dimensional irreducible representations depends on the type of the point. We give a complete 
classification of such representations in Theorem |3.2| 

The remainder of this paper is structured as follows. In Section 2, we give some basic definitions and 
preliminaries about the rational Cherednik algebra. In Section 3, we state the main theorems. In Section 4, 
we collect some results which will be necessary for the proofs. In Section 5, we give proofs of the results. 



2. Background 

In this section, we define the rational Cherednik algebra and introduce some standard objects relating to 
it. We then specialize to the case W = G4 and give the specific notations we will use. 

2.1. The rational Cherednik algebra. Let IF be a complex reflection group with reflection representation 
V. Let S be the set of complex reflections in W; for each s E S, let a s E V* and E V be eigenvectors with 
nontrivial eigenvalue, normalized so that (a s ,a£) — 2. Let A s be the nontrivial eigenvalue of s in V* . Take 
c : S — > C to be a conjugation invariant function on the reflections. Following [El , we define the rational 
Cherednik algebra H C (W) associated to W to be the quotient of 

C[W] k T(V V*) 
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by the relations 

[x,x'] = 0, [y,y']=0, [y,x] = (y,x) -^2c(s)(y,a s )(x,a^)s 
for x,x' € V* and y, y' £ V. Let Xi,yi be dual bases of V* and V, respectively. 

2.2. Standard modules. For every irreducible representation r of W, we may define the standard module 
with lowest weight r as 

M c (t) = H c (t) <g) r. 

C[lU]ixSV 

It has a unique irreducible quotient L c (r) — M c (r) / J c (r), where J c (r) is the sum of all proper submodulcs in 
M c (r); it is known that L c (r) are exactly the simple objects in the category O of representations of H C (W). 

2.3. Weights and characters. Define the element h = J2i x iVi + ?M f Z ~ E sS S in H C {W). This 
element is IF-invariant and satisfies the properties \h,x] = x and [h,y] = — y. In [GGOR], a category O of 
i/ c (VF)-modules was defined to consist of those _ff c (M / )-modules that are the direct sums of finite dimensional 
generalized eigenspaces of h and on which the real part of the spectrum of h is bounded below. Let O be 
the category of i/ c (M / )-modules where instead the real part of the spectrum of h is bounded above. 

For M in O or O, the character XM(g,t) of a fl" c (W)-module M is defined to be Tr \M(gt h ) (as a series 
in i). For instance, we have that 



r„ +\ _ Mt) xAg) 
Xm c (t){9) t) — t (1 _ 



c I yA r\m e\cf 4- V-i r\ I mTTncrl- /-im 

■ises i-\ B 



where h(r) — dl ™ v — Sses j^ 2 ,^ s] r denotes the lowest eigenvalue of h on M c (r). 



2.4. Notations. We specialize to the complex reflection group W = G4 = (a, b | a 3 = b 3 = I, aba = bab) 
(see |STj V Fix a to have non-trivial eigenvalue e^s 1 in the reflection representation. There are two conjugacy 
classes (a) and (a 2 ) of complex reflections; the parameters for H C (G4) may therefore be taken to be c\ — da) 
and C2 = c(a 2 ). Notice that W is the finite subgroup of SU(2) corresponding to the affine Dynkin diagram 
Eq in the McKay correspondence, so we may characterize its representations as follows. The irreducible 
representations of W consist of the reflection representation V, its dual V*, the embedding of W into SU(2), 
a three dimensional representation C 3 , the trivial character C, and two characters C_ and C + such that 
V®W = C 3 ®C + and V* ®W = C 3 ©C_. We will use the notations C = C, Ci = C+, C 2 = C_, V = W, 
Vx = V, and V 2 = V* . 

It will be convenient for us to introduce new homogeneous parameters do, ai, ai given by 

a =2((c 1 + C~ 1 c 2 ), ai = 2(C 1 c 1 + Cc 2 ), and a 2 = -2(ci + c 2 ), 

where ( = eTr . Here, we have a + a 1 + a 2 — 0. We will use H a (W) or H ao _ ai _ a2 (W) to denote the rational 
Cherednik algebra with the corresponding values of (ci,c 2 ) as parameters. Similarly, we will write M a {r) 
and L a (r) for the standard module and its irreducible quotient. 



3. Results 

In this section, we describe the structure of finite dimensional representations of H a (W). Away from a 
periodic family of lines, there are no finite dimensional representations. For points on exactly one of these 
lines, there is only one finite dimensional irreducible representation, which is described in Theorem |3.1| At 
intersections of the lines, there can be more than one finite dimensional irreducible representation, and these 



representations are classified in Theorem 3.2 



Theorem 3.1. If H a (W) has a finite dimensional irreducible representation M , then the parameters (ao, ai, a 2 ) 
lie, for some integer m, on one of the lines 

• Oj — o,_i = 3m + 3/2; 

• Oj = 3m + 3/2, 3m + 5/2, 
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Type 


Line 


Character 


(1) 


cii — a,_i = 3m + 3/2 


XM a (C-i) + XM a {V-i) ~ XM a (C 3 ) 


(2) 


en = 3m + 3/2, 3m + 5/2 


XM„(C-() + XM a (C_ i+2 ) ~~ XM a (V- t + 1 ) 



where we take indices modulo 3 and define the first group of lines to have type (1) and the second to have 
type (2). At every point on these lines, there exists a finite dimensional representation with character given 
as follows. 

For points on only one of the lines, this representation is the unique indecomposable finite dimensional 
representation (and is therefore irreducible). 



Theorem |3.1| gives a complete classification of finite dimensional representations away from intersections 
of the lines. It then remains to examine the behavior at these intersections. In Figure [T] notice that the lines 
form a wallpaper pattern in the plane of type *632 (see |Conj for an explanation of these patterns). Denote 
the type of an intersection point by the types of the lines on which it lies. We then see that there are three 



types of intersections in the pattern, (11), (22), and (1122). Theorem 3.2 gives a classification of the finite 
dimensional representations at these points. 



Figure 1. Lines on which finite dimensional representations exist. 
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Theorem 3.2. Points of type (11) take the form 

(a», a i+ i, a j+2 ) = (m* - m l+i , m 4 - 2m i+ i + 3/2, -2m, - - 3/2) 

/or mi,mj + i ^ (mod 3). At these points, there are exactly two finite dimensional irreducible representa- 
tions, whose characters are given by the following table. 



Class of Points 


Characters of Irreducible Representations 


m.mi+1 > 0, mi(mi - m i+1 ) > 


XM„(C_ i+2 ) + XAf a (V_ l+2 ) - XM a (C 3 ) 

XAf Q (C_,) — XAf (C_ i+2 ) + XM (V_j) — XM a (V_ I+2 ) 


mim i+1 > 0, m;(mj - m i+1 ) < 


XAf.(C-i) + XM a (V-i) — XM a (C 3 ) 

XM a (C-i + 2 ) ~ XM a (C-i) — XM a (V-i) + XM a (V- i+2 ) 


mimi+i < 


XM a (C_i) + XM„(y_ i ) - XM a (C 3 ) 
XM a (C- t + 2 ) + XM a (V- z+2 ) ~ XM a (C 3 ) 



Points of type (22) take the form 

(a%, a i+ i,a l+2 ) = (m, + 1/2, m i+1 + 1/2, -m, t - m l+1 - 1) 

for mi,mi + i,mi + i — mi ^ (mod 3). At these points, there are exactly two finite dimensional irreducible 
representations, whose characters are given by the following table. 



Class of Points 


Characters of Irreducible Representations 


TiiTOl+l > 


XM a (C_i) + XM a (C_ i+2 ) - XM a (V_ i+1 ) 
XM a (C_ i+1 ) + XM,(C_ i+s ) - XM„(V_i) 


mjm !+ i < 0, mi(irii + m i+ i + 1) > 


XM a (C-i) + XM a (C- i+2 ) - XM a (V- i + 1 ) 
XM a (C- i+1 ) ~ XM a (C-i) ~ X.M a (V-i) + XM„(V_, + i) 


miirii+i < 0, rriiimi + m.; + i + 1) < 


XAf a (C_ i+ i) + XM (C_ 4+2 ) _ XM a (V- % ) 

XM a (C-i) — XM a (C- i+1 ) + XM a (V-i) — XM a (V_ i+ i) 



Points of type (1122) take the form 

(a*, a i+1 , a i+2 ) = (m, + 1/2, m i+1 + 1/2, -m; - m 4+1 - 1) 

for rrii, TOj+i ^ (mod 3) and mi = m^+i (mod 3). At these points, there are exactly three finite dimensional 
irreducible representations, whose characters are given in the following table. 



Class of Points 


Characters of Irreducible Representations 


mim i+1 > 


XM a (C-i) + XM a (C_ 1+2 ) ~ XM a (V- i+ i) 
XM a (C_ i+ i) + XAf Q (C_ l+2 ) — XM„(V_i) 
XM (V_ 4 ) - XAf Q (C_ l+2 ) + XAf a (V_ l+1 ) - XM a (C 3 ) 


miiTii+i < 0, mi(rrii + 2m i+1 + 3/2) > 


XM a (C_i) + XAf a (C_, +2 ) — XM a {V- i+ i) 

XM„(C_ <+ i) + XAf a (V_ i+ i) - XAf Q (C 3 ) 

XM a (C_i) - XAf (C_ i+ i) + XM a (V-i) - XM a (V- i+1 ) 


m i (m l + 2m i+ i + 3/2) < 0, 
TOi(2mi + mi + i + 3/2) > 


XM a (C-i) + XM a (V- t ) - XAf a (C 3 ) 
XA-f a (C_ i+ i) + XM a (V- i+ i) - XAf Q (C 3 ) 
XAf a (C_ i+2 ) - XM (V_i) - XAf a (V_ 4+1 ) + XAf a (C 3 ) 


mirrii+i < 0, m,i(2mi + mj+i + 3/2) < 


XA/ a (C_i) + XM a (C- i+2 ) - XA/f a (V_, + i) 

XM a (C_i) + XM a (V-i) - XA/ a (C 3 ) 

XM a (C_ i+ i) - XM.(C-j) - XA/f a (V_,) + XAf a (V_ i+ i) 



Notice that many of the irreducible representations given by Theorem |3.2| are quotients of the represen- 
tations constructed along lines in Theorem |3.1| however, at some points, these representations can interact, 
giving irreducible representations with different lowest weight. 

4. Preliminaries for the Proofs 
In this section, we recall or prove a number of results which will be used in our proofs. 
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4.1. Lowest Weights. Note that the lowest eigenvalue of h on M c (t) is given by h(r); this means that, 
for any VF-subrepresentation a c M c (r), we must have that h(a) — h(r) G N. Therefore, knowledge of the 
values of h(r) given below will allow us to understand the possible maps between standard modules. 

Lemma 4.1. The lowest weights h(r) of each representation are as follows. 



T 


d 


Vi 


c 3 


h(r) 


4/3(a 2 _i - a-i) + 1 


2/3(a_ t - 02-i) + 1 


1 



Proof. This follows from the computation of h(r) = 1 — X^ses i-x s \r- ^ 

We will often need to compare complex weights a, b which differ by a real number; for convenience, we 
will write a > b to mean that a — b is a positive real number. 



4.2. Characters. We relate the characters of L a (r) and M a {r) by relating the corresponding elements of 
the Grothendieck group. The following well-known lemma allows us to represent these using the classes of 
standard modules only. 

Lemma 4.2 (|GGOR|). Let K — K(0(H a (W))) be the Grothendieck group of representations of H a (W) in 
category O. Then the classes [M a (o~)\ for a an irreducible representation of W form a °Z-basis for K. 

By considering lowest weights, notice that [M a (<7)] can only appear in the decomposition of [_L a (r)] if 
h(r) > h(a). One of our tools for the main proofs will be the following lemma, which restricts the possibilities 
for the character of a finite dimensional irreducible iJ Q (M / )-module M. 

Lemma 4.3. Let M be a finite dimensional irreducible H a (W) -module with [M] — n a [M a (o-)\ for some 
n a by Lemma 4-. 2 Let t gl and t g2 be the two (not necessarily distinct) values oft for which dety» (1— gt) = 0. 



Let A be the matrix with columns indexed by irreducible representations a of W and rows by ordered pairs 
of a conjugacy class [g] in W and an element i in {1,2} such that A^ g ^ a = t^^Xa-(g)- Then, the vector N 
with entries n a is in the nullspace of A. 

Proof. Suppose M has lowest weight r; this means that M = L a (r) must be finite dimensional. Note here 
that n T = 1 because L a (r) is a lowest weight module with lowest weight r. Therefore, we see that 

in mm - i>x„„ W ( 9 ,o - e X^:';' = dett 4_ , t) s>^>x.to)- 

For fixed g, viewed as a function of t, \L a (t) (ff ? t) is a linear combination of rational powers of t; in particular, 
it has no poles. Recalling the definitions of t g i and t g ^, we find for all g e W that 

E"^ ) X CT (5) = 0forz = l,2. 

Notice here that x<r(g)i tg,ii an d tg,i are conjugation invariant functions of <?, hence we obtain one constraint 
for each conjugacy class in W. Taking A to be the matrix with entries A^ gi ^ a — t g ° Xcr{9)i this is exactly 
the desired conclusion. □ 
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Let us now compute the matrix A of Lemma 4.3 explicitly in our case. Set y = ( 2a ° and w — ( 2ai . Using 
Magma to compute t 9i \, tg,2i h(u) and Xa-(g) for each a and g, the matrix A is given by 



(2) 



A = 





i 




1 


1 


2 


2 




2 


3 


V 


"V 


-2 


2 4 

y w 


2 —2 
J/ 7X> 


-2?/ 2 7x> 


~2y~ X W 


-2 


-2y _1 ?x> 


3 




1 




c 4 


c 2 


c 3 


c 




c 5 





y 


-16 
3 W 


-8 

3 


( 11311) 3 


£ 7/3 7/! 3 


. o 8 4 
( 7/ 3 ?/! 3 


I 7/ 3 7/1 


-s 

3 


r — 4 

t 7/ 3 7/13 


o 


y 


_9 

W 


-1 


9 

lilt) 
if LV 


1JW~ 

y LU 


o 


o 




o 


-1 




20 

3 W 


— 10 
3 


a 10 20 


o 10 -10 
C « 3^3 


10 5 

7/ 3 7X13 


(T 4 7/T~7xi~ 


- 10 
3 


2 =S 5 
C V 3 7X>3 





y 


-4 - 

w 


-2 


( 2 y 2 w 4 


( i y 2 w~ 2 


y 2 w 


( 2 y~ lr w 


-2 


M —1 

(, 7/ ^tO 







1 




1 


1 


2 


2 




2 


3 


y 


-4 - 

w 


-2 


9 4 

y w 


2 —2 

y 10 


—2y 2 w 


—2y~ 1 w 


-2 


—2y~ 1 w 


3 


y 


-8 

3 W 


- i 

3 


( 1/3 10 3 


^2 * — 
Q z yzw 3 


(, J 7/3 7JJ3 


Cy^W 


- 1 

3 


Q' J y 3 7X>3 







1 




c 2 


c 4 


c 3 


c 5 




c 





y 




-3 




7/ 3 tx> 3 













-1 


y 


-4 - 
W 


-2 




( 2 y 2 w~ 2 


y 2 w 


A 4 —1 
(, 7/ 7X> 


-2 


(, 2 y~ l W 







-4 


-2 


a2 ^ A 


>4 ? d 


2 1 


A2 =1 


-2 







y 


3 W 


3 


( 1/3 7/7 3 


Q*y3w 3 


7/37X13 


1, 7/ 3 ti! 


3 


(, 7/ 3 7X>3 



4.3. Operations on representations. In Lemmas 4^4 and |4.5[ we introduce two operations which may be 
performed on i/ a (VF)-modules. These operations will allow us to use the classification of iJ Q (V4 7 )-modules 
for some value of a to classify H a (W) modules for a different value of a. 

Lemma 4.4. There is a duality of categories S : 0(7J QOiQliQ2 (IF)) — > 0(H aiia(ua2 (W)) sending a H ao>ai! a 2 (W)- 
module M to a H ait a 0ta2 (W) -module 5{M) isomorphic to M* as a W -module. 



,XW) op 



Proof. For any i/ a0:Oli a 2 (IF)-module M, let 8{M) — M* . Note that M* is naturally a i? O0 ,oi,a 2 v 
module, so it suffices to give a map : H ai ^ ao ^ a2 (W) — + H ao ,ai,a 2 (W)° p . We claim that <fr(g) — g" 1 , 4>{x) = x 
and 4>(y) — —y for g £ W , x £ V* , and y £ V induces a valid map. Indeed, all necessary relations are evident 
except for [4>(y), 4>( x ))° p = ^([y^x]). To check this relation, let (ci,C2) be the parameters corresponding to 
(ao, 01,02). Notice that (01,02) = ( | ^ 4 ^_ 1 (a C 2 — ai), | ^a^i ( n iC 2 ~ a o))i so by symmetry (c2,Ci) are the 
parameters corresponding to (01,00,02). Now, notice that 

c ( s ~ 1 )(-y,a s )(x,a^)s~ 1 = (j){[y,x\), 



E 

ses 



[4>(y),4>{x)]°* = [-y, x]°P(y, x) + c(s)(y, a s )(x, a y s )s = (y, x) 

s£S 

where the last equality holds because c(s) — c\ implies c(s~ 1 ) — €2- The resulting map S = M 1— > M* is 
evidently natural and self-dual, completing the proof. □ 

Lemma 4.5. There is an equivalence of categories u> : 0(H ao ai a2 (W)) —> 0{H a2 ao ai {W)) sending a 
H ao>ai ^ a2 {W)-module M to a H a2! a 0jai (W) module u/(M) isomorphic to the tensor product of M and C2 as 
a W -module. 

Proof. Let \Ci be the character of Cj as a VF-representation. We first claim that there is an isomor- 



phism 4> : H a2 , ao , ai (W) -> H a 



,{W) given by 0(g) = Xc,(g) • 5, H x ) = x , and ^(y) = V for 5 G 



W,x £ V*,y £ V. Note that all relations hold immediately except for [<j)(y), <j>{x)] = <j){[y,x\). For this, 
let (01,02) be the parameters corresponding to (02,00,01); as in the proof of Lemma |4.4| we have that 

(ci,c 2 ) = {\^zi{a 2 ( 2 - a ), 5^r(aoC 2 - 02)) and (a 2 ,a ) = {2( Cl + 2(- 1 c 2 , 2C _1 Ci + 2Cc 2 ). Therefore, 

the parameters corresponding to (ao,ai,a 2 ) are 



Now, we may check that 



1 c 



(-(a 2 + a )C -a2),r- 



1 c 



2C 4 



1 



(oaC +aa + ao) = (C ci,C c 2 ) 



<K[y>a;]) = (j/,x) ~^2c(s)(y,a s )(x,a v s )xc 2 (s) • s = 



^c'(s)(y, a;5 )(a;,a^)s = [0(y) , 0(x)] , 



se5 ses 

where we use the fact that xc 2 takes values of £ 2 and C 4 on the two conjugacy classes of reflections. Thus 
is well-defined; iterating it three times then shows that it is an isomorphism. 
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Hence, the category O of each isomorphic algebra H a2yao ^ ai (W) and H a0:aii a 2 (W) is equivalent. In par- 
ticular, this equivalence sends a H a0:(llya2 (W) module M to a H a2 _ a0yai (VF)-module u)(M) isomorphic to M 
as a vector space with action induced by <j). The IF-action on oj{M) is given by g ■ m! — XC 2 {d) ' (s ' TO ')i 
this is exactly the W action on M® C2, so u>(M) is isomorphic to M (g> C2 as a T^-module, completing the 
proof. □ 



Lemmas |4.4| and 4.5 give functors between category 0(H a (W)) for different values of a. Notice that there 
is a ^-action on the plane compatible with these functors. The functor M 1— > M * corresponds to the flip 
(do, 01, a%) h- > (ai, ao, 02), and M 1— > M ® C2 corresponds to the rotation (do, 01, 02) 1— * (02, ao, ai). 

4.4. Hecke algebras and the KZ functor. We briefly review the construction of the KZ functor, which 
associates to a 7J a (14^)-module M in category O a module KZ(M) over the Hecke algebra of W. 

This construction is given in more detail in [BMR] and |GGOR] . We then use it to prove a lemma about 
mappings between standard modules. 

4.4.1. Definition of the Hecke algebra. We first recall the definition of the Hecke algebra associated to a 
complex reflection group W . For s G S a reflection in W, let H s c V be the hyperplane it preserves. Now, 
let A = {H s I s G S} and V YCg = V\ [j s cs H s ; notice that there is a VF-action on V rcg . Then, the Artin 
braid group B\y associated to W is given by ni(V Icg /W, xq) for some xq G V lcg . 

Now, let {QH,j}HeA/w,o<j<e H -) where en is the order of some s G S preserving H, be a set of parameters 
such that qn,j = if H and i?' are in the same VF-orbit. Then, the Hecke algebra H({qH,j}) of W with 
parameters {ftffj} is defined to be the quotient of C[.E?w] by the relations 

(T s - q Hs:0 )(T s - qH.,\) • • • (T„ - qH„e B -i) = 0. 

By a specialization oiH({qjj.j}) we mean a choice for the parameters {qn.j}- Notice that for the specialization 
QH,j — dety(s^f) _: ' for sh a distinguished reflection about H, we have that H({detv(sH)~ : '}) = C[W]. 

In the case W = G4, we notice that W acts transitively on the set of reflecting hyperplanes H s in V, 
meaning that there is only one value of qu.j = Qj for each j. Further, there are exactly two classes of 
reflections, with representative elements s and t of order 3, and it is known (see [BMR]) that Bw has 
presentation 

B w = (T s ,T t I T s T t T s = T t T s T t \ 



Therefore, the Hecke algebra has explicit presentation 

«({<&}) = ( T s,T t I T s T t T s = T t T s T u (T r - q ){T r - qt)(T r - q 2 ) = for r = s,t 



4.4.2. TTie KZ functor. We now describe the KZ functor. For any H a (W) module M that is finitely generated 
over C[V], we may define its localization 

M loc = M ® C[F reg ], 

C[V] 

which is naturally endowed with an action of H a (W)\ oc ; here we recall that V leg = V \ IJ s gs H s . Notice that 
there is an isomorphism H a {W)\ oc — > W X 2?(V^ cg ) which endows M loc with a structure of W-equivariant 
f (K-eg) -module. Because M is finitely generated over C[V], we may regard M\ oc as a vector bundle over 
V reg equipped with a flat connection V via the 2?(V rcg )-module structure. Taking horizontal sections of this 
connection gives a monodromy representation 

Pm ■ ni(V rcg /W,xo) — > GL(C N ) 

with N the rank of M\ oc . This defines the Knizhnik-Zamolodchikov functor KZ(Af) = pu between H a [W)- 
modules finitely generated over C[V] and finite dimensional Bvy-modules. 

Consider now the specialization q* H . = det(s#)~ J : e 2mk H,j ( where fcjyj for H E A /W is defined by fcf^o = 

and c Sff = — I X)fco^ det(sH-) J '(forj+i — fc^j) for all In this case, it is known (see Theorem 4.12 in 

BMR]) that Pm factors through ■}). We will also denote the resulting representation of 7i{{q* H •}) by 

KZ(M). We primarily consider the effect of KZ on the standard modules M a (W). By Tits' Deformation The- 
orem, we see that, at generic points, the simple modules over Ti.({q^ ■}) are in bijection with the irreducible 
representations of W; let r denote the representation of Ti({qjj j}) corresponding to the representation t of 
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W. It is well known (see |GGOR] Section 5.3) that if r is irreducible, then it is equal to KZ(M a (r)). We will 
use this fact in conjunction with the following two results. 

Theorem 4.6 (Lemma 2.10 in [BEG2] ). Let N be a H a (W) -module torsion-free overC[V]. Then, for any 
M G O, the natural map 

Hom Ha(w) (M, N) -> Hom w({g | ri . }) (KZ(M) ) KZ(iV)) 

is injective. 

Corollary 4.7. For irreducible representations a and t of W such that a and r are irreducible, we have 

dimHom i y o(W )(M a (cr),M a (r)) < dimHom w({g ^ .^(a, ?). 

Proof. This follows from Theorem |4.6| and the fact that KZ(M a (a)) = a if a is irreducible. □ 
Note that dimHom-^({ g ^ })(er, r) = 1 if a and r are isomorphic and dimHom-^({ 9 ^ .})((?, t) = otherwise. 

4.4.3. Mappings between standard modules. Specialize now to the case W — G4. In this case, the parameters 
are (fci, I12) — (»2/3, — ao/3). Now, W acts transitively on A and en = 3 for all H, so we may take the Hcckc 
algebra parameters to be go, 91:92 with go = 1, 9i = e^s 1< ' 1+a2 \ and 02 = e _ ^Tr( 1 + a °). Fix a distinguished 
reflection s ~ a in W with det(s) = eT. Computing using CHEVIE 4 in GAP 3.4.4, we may find the 
matrices of the generators a and b in r. These representations are listed in Table [I] 

Table 1. Matrices for the representations of H.({qH,j}) 



T 


C 


Ci 


c 2 


V 




^2 


C 3 


P?(a) 


1 


9i 


92 


I" 1 °) 
\-Qi 92/ 


(-1 92) 


(-1 £) 


/ 92 
92 + 9? 9i 
V 91 1 


\ 


Pr(b) 


1 


9i 


92 


f 92 92A 


A 92 92A 


f 9i 9i\ 

lo lj 


(\ -1 9i 

91 -92 - 
\0 92 


9? 



We now apply this machinery to determine when mappings between certain standard modules exist. 
Lemma 4.8. For a = (do, a±, a 2 ), if we have 

dimHom Ha(w) (M a (C ),M a (Ci)) > or dimHom ffa(w) (M a (Ci),M a (C )) > 0, 
then a 2 = 3m + 2 /or some m G Z. 

Proof. By Table [l] we see that Co and Ci are always irreducible, so applying Corollary 
dimHom^d^ j}) (C ,Ci) > or dimHom w({ ^ 3 »(Ci, C ) > 0. 



4.7 



we have 



Hence, there is a map between Co and Ci, so we have 91 
some m G Z. 



1, implying that a-i = 3m + 2 for 

□ 



Lemma 4.9. For a = (ao, ai, a 2 ), roe /tawe 
(i) 

dimHom Ha(W r)(M a (Vo) ) M a (Ci)) > or dimHom Ha(H0 (M a (Ci),M a (F )) > 0, 
then ai — 3m + 3/2 or ai — 3m + 5/2 for some m G Z; 

(ii) 

dimHom Ho(w) (M a (y 1 ),M a (C )) > or <UmTLom Ha{w) (M a (C ), M a (Fi)) > 0, 
</ien ao = 3m + 3/2 or &i = 3m + 5/2 /or some m G Z. 

Proo/. For (i), by Table [lj we see that Vb is irreducible unless ai = 3m + 3/2, 5/2 for some m G Z. B ut if Vf 



4.7 







we find 



is irreducible, then dimHom H ({ 9 ^ .})(Vb,Co) = dim Hom^({ g j })(Co,Vb) = 0, so by Corollary 
that dimHom ffa ( H /)(M a (Vb), M a (Ci)) = dbxiHom Ha r w \(M a (Ci), M a (Vo)) = 0, a contradiction. So we must 
have a\ — 3m + 3/2, 5/2 for some m G Z. The proof of (ii) is exactly analogous. L 
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5. Proofs 

In this section, we give proofs of the main theorems. Our general approach will be as follows. We first 
show that if M is a finite dimensional irreducible representation of H a (W), then a lies on a specified set of 
lines and the character of M takes a specified form away from intersections of the lines. We then use this 
characterization to construct representations away from intersection points. Finally, we use the constructed 
representations to classify finite dimensional irreducible representations at intersections of the lines. 

5.1. Away from intersection points. The structure of finite dimensional representations away from in- 
tersection points is given by Theorem |3.1| We divide its proof into Propositions |5.1| and |5.2| 



Proposition 5.1. If H a (W) has a finite dimensional irreducible representation M, then the parameters 
(ao, Qi, a 2 ) lie, for some integer m, on one of the lines 

• ai — di—i = 3m + 3/2; 

• <2j = 3m + 3/2, 3m + 5/2, 

where indices are modulo 3. Further, for a point on only one of the lines, M has the character listed below. 



Type 


Line 


Character (x(9,t)) 


(1) 


di — ai-i = 3m + 3/2 


XM„(C-j)(S)*) + XM a (V-i)(g,t) - XM a (C 3 )(ff>*) 


(2) 


at = 3m + 3/2, 3m + 5/2 


XM a (c-i)(g,t) + XM a (c- i+2 )(g,t) - XM a {v- i+1 ){g,t) 



Proposition 5.2. If the parameters (00,011,02) for some integer m, on one of the lines a^ — a.;_i = 3m + 
3/2, there exists a finite dimensional H a (W) representation with character XM a (C_i)(<7>^) + XM a (V- i ){9i't) ~~ 
XM a (c 3 )(9it)- V they lie on one of the lines at = 3m + 3/2, 3m + 5/2, there exists a finite dimensional H a (W) 
representation with character XM a (C- t )(g,t) + XM a (c_ i+2 )(5>*) - XM a (V- i+1 )(.9,t)- 



Before giving the proofs of Propositions |5 . 1 1 and |5 . 2 1 we first discuss how they imply Theorem |3.1| Propo- 
sition IsTT] shows that, if an irreducible finite dimensional representation M exists, then the parameters must 



lie on one of the desired lines. By Proposition 5.2 the desired representations exist on these lines; away from 



intersections of the lines, Proposition |5 . 1 1 implies that it is unique, giving the result of Theorem 3.1 We now 
give proofs for Propositions |5 . 1 1 and |5. 2| 



Proof of Proposition \5.1\ We first show that the parameters lie on one of the claimed lines. Suppose M 

hence that M — L a (r) is finite dimensional. By Lemma 4.2 we may write [M] 
for some integers n a . Let N = (nc , nc 1 , ncr, , nv , nvi > n v 2 > n C 3 ) • Then, adopting 



4.3 
7C 



there is a matrix A given in Equation (|2j) with A 
write m = nc , n 2 = nc 1 , n 3 



As in Lemma 4.3 



= t 



h(o) 



has lowest weight r and hence that M = L a {j) is finite dimensional. By Lemma 4.2 we may write [M] = 
[La(r)] = j: a n r7 [M a (ay 

the notations of Lemma 
N is in the nullspace of 

rtg = ny 2 , and nj — n^. From row 1 and the real and imaginary parts of row 3 in A, we find that 

ni + TI2 + ri3 + 2^4 + 2ri5 + 2n§ + 3nj = 



nc 2 



9,i 

T14, = 



Xa(g) such that 
n Vo , n 5 = n Vl , 



1 

ni - -n 2 - -n 3 



1 1 1 

"4 + + 

-n 2 + n 3 + 7i 5 - n 6 



Solving, we have that 
1 



774 



[m - n 2 -n 3 - n 7 ],n 5 



1 

2 ' " "' J ''^ 2 

Substituting this into our previous equality, we see that 



m + n 2 - n 3 - n 7 ],n 6 



AX 



ni 
n 2 

n 7 



for 



X 



_ 1 1 

J 3 

2 2 







1 

_i 

J 

2 




-ni - n 2 + n 3 - n 7 ]. 
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This means that the nullspace of the 14x4 matrix B = AX contains the non-zero integral point (ni, n 2 , 713, n-j) T \ 
in particular it is non-empty, meaning that all 4 x 4 minors of B must be zero. For a 4 element subset J 
of the rows of B, let Bj be the 4x4 minor of N corresponding to the rows in J. Take I = (Bj) to be the 
ideal in C[y, w) generated by the numerators of all 4 x 4 minors Bj. Computing in Magma, we find that / 
is a principal ideal with single generator that factors as 

l=((w- ( 3 )(w - C 5 )(y - C 3 )(y - C 5 )(yw - ( 3 )(yw - C)(y - C 3 w)(yw 2 - ( 3 )( y 2 w - C 3 )). 

Since Bj = for all J, the ideal / must be trivial, which means that at least one of the factors must vanish. 
Recalling that y = £ 2a ° and w = C 2 " 1 - this means that, for some m G Z, at least one of the conditions 





2a 


= 6m + 3, 6m + 5 




2oi 


= 6m + 3, 6m + 5 




2a 2 


= 6m + 3, 6m + 5 


2(a 


- a 2 ) 


= 6m + 3 


2(oi 


- a ) 


= 6m + 3 


2(a 2 


- ai) 


= 6m + 3 



must hold. These are exactly the equations of the desired lines, establishing the first claim. 

We now claim that if the parameters are on only one of these lines, then M = L a (r) must have the claimed 
character. Each linear factor / in the generator for I defines by substitution a specialization Af of A; let 
Bf be the corresponding specialization of B. Using Magma, we may compute a basis for the corresponding 
nullspace of Af as a matrix with entries either in C(y) or in C(w). In each case, we find that the nullspace 
is one-dimensional with basis vector given by the following table. 



Table 2 . Generators for the nullspace of Af 





C 


Ci 


c 2 


v 


Vi 


v 2 


c 3 


a Q = 3m + 3/2, 3m + 5/2 


1 





1 





-1 








01 = 3m + 3/2, 3m + 5/2 





1 


1 


-1 











a 2 = 3m + 3/2, 3m + 5/2 


1 


1 











-1 





oo ^ 0-2 = 3m + 3/2 


1 








1 








-1 


ai — a = 3m + 3/2 








1 








1 


-1 


02 — ai = 3m + 3/2 





1 








1 





-1 



These nullspaces were computed in either C(y) or C(u>), so for generic points along the lines the values of ./V 
are given by the table . For non-generic points, take // to be the ideal in C[y, w] generated by the numerators 
of all 3 x 3 minors in Bf. For particular values of y and w, if the evaluation map C[y, w] — > C does not 
kill all of If, then the nullspace of Bf and hence Af is one-dimensional, thus spanned by the vectors above. 
Computing in Magma, we find that each If is principal with single generator given in the table below. 



Lines 


Generator for If 


ao = 3m + 3/2 


(w - l) 2 (w - C 3 )' 2 (w - ( b )(w ~ C 4 ) 


a = 3m + 5/2 


(id - C a )(w - C 2 ) 2 (w - ( b Y(w - c 4 ) 


ai = 3m + 3/2 


(t/-i)^(y-C 3 ) 2 (y-C 5 )(2/-C 4 ) 


ai = 3m + 5/2 


(y-C 3 )(y~C 2 ) 2 (y-<; b ny-e) 


a 2 = 3m + 3/2 


{w - l) 2 (w - C 3 ) 2 (w - ( b )(w - C 4 ) 


a 2 = 3m + 5/2 


(10 - C 3 )(w - C)' 2 {w - ( b ) 2 (w - c 4 ) 


oo — 0-2 = 3m + 3/2 


(y a - lW - W - CT 


ai — a — 3m + 3/2 


(w 1 - iy{w 2 - c 2 )(w 2 - c 4 ) 2 


«2 — a i — 3m + 3/2 


{w 2 -l) 2 (w 2 -£ 2 ){w 2 -C) 2 
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We may therefore compute the points on each line where If vanishes; the resulting points are listed in 
the table below. 



Lines 


Points where If vanishes 


dj = 3rrii + 3/2 


a l+1 = 3m I+ i + {0,3/2,2,5/2} 


dj = 3rrii + 5/2 


a m = 3m i+ i + {l,3/2,2,5/2} 


Qi — a%—i = 3r7Ji_i + 3/2 


en = 3m, + {0,1/2, 1,3/2, 2, 5/2} 



These arc all intersection points of the lines, meaning that // is non-trivial for points lying only on a single 
line. At such points, the nullspace is one-dimensional and generated by a vector with entries given in Table 
U This means that there is only one possible p for which L a (p) is finite dimensional; in particular, it is the 
representation p of lowest weight such that the corresponding entry is non-zero. Thus, we may determine 
the lowest weight r of M. Further, because n T = 1, this allows us to determine the only possible values of 
N. We will analyze these values for each set of lines separately. 

First consider the lines a t = 3m + 3/2 and Oj = 3m + 5/2. We have from Table [| that \L a (r )] = 
Y^, a Ticr[M a (a)] with ri£_. = n^ 2 _ i — e, ny 1 _ i — — e, and all other n a = for some e G {+1,-1}. Thus, we 
see that r = C_j, r = Ca-i, or t = Vi_j. Recall now that we computed 

4 4 2 

h(C-i) = g( a i-i - o») + 1> h(C 2 -i) = - Oi+i) + 1, ft(Vi-i) = g( a i-i - a »+i) + 1- 

Notice that = ^[^(C-i) + /i(C2-i)], meaning that V\-i cannot be the lowest weight unless ai = 0, 

which does not occur in this case. Hence, we conclude that e — 1. Now, we have that 

/i(C_i) < h(C 2 -i) di-i +a i+ i < 2ai < a 4 , 

meaning that r = C_i if a, > and t = C-2-i if < 0. By Equation ([TJ, we may then compute the 
character of M = L a (t) as 

XM(g,t) = XM a (c-i)(g,t) + XM a (c- i+2 )(g,t) - XM a {v- i+1 ){g,t)- 

Now consider the lines — aj_i = 3m + 3/2. From Table [2] we may write [i„(r)] = n (7 [M a (a)] for 
n C_i = = e, = — e, and all other n a = for some e G {+1, — 1}- Hence, we have that r = C_ j, 
r = V-i or r = C 3 . Notice that 

h(C- i ) = -(a i - 1 -a i ) + l, ft(V_ < ) = |(a i -a i _i)+l, /i(C 3 ) = 1, 

meaning that /i(C 3 ) = |/i(C_j) + hence r ^ C 3 . This implies that e = 1. Notice further that 

4 2 

h(C-i) < h(V-i) •<=>■ -(oi_i - Oj) < -(Oi - ffli-i) 2(oj - tii_i) > 0, 

meaning that we must have r = C_i if 2(aj — aj_i) > and r = y_i otherwise. We may compute the 
character of M in either case as 

XM(g,t) = XM a (c-i)(g,t) + XM a (v-i)(g,t) - XM a {c 3 ){g^)- 

Hence, in both cases, M has the desired character, finishing the proof. □ 

To show that these representations exist, we use a result of Rouquier. Adopting the notations of |Rou] . we 
find that {hi,h 2 ) = (a /3, -a 2 /3), (x ,x 1 ,x 2 ) = (1, e 2 f i K-i) ! e^t 1 "*)), and if = Q(eTsr). With these 
parameters, we have the following. 

Lemma 5.3 (Proposition 5.14 in |Rouj ) . Suppose all X4 's are distinct with finite order. Let r G N be such 
that there is an automorphism a of Ko({xi}) / Kg with cr(x,-) = x\. Then, we have 

dety(l-5* r ) , , r , 

^ h ir){g,t) = detv . (1 _ fli) XL h{ r){ 9 ,t ). 

In particular, L r h{r) is finite dimensional if and only if L/i(r) is finite dimensional. 
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Xi S 



We now construct a family of points for which we may apply Lemma 5.3 First, notice that the 
are distinct if <Zj ^ 1 (mod 3), so the first condition of Lemma 5.3 applies away from a discrete family of 
lines. Now, if Xi has finite order, denote this order by o.;. Consider the set of points (0,0,0,1,0,2) such that 
(1) <2j e^ 1 (mod 3) for any i and (2) o\ and o 2 are finite; call these points good. If we have further that 
{gcd(oi, 12),gcd(o2, 12)} = {1,2}, call the point great. Note here that any great point is good. 

At good points, we see that Ko(xi) = Q{rj) for some root of unity 77. In this case, any automorphism 
Ko(xi)/Ko sends rj to 77 s for some positive integer s with s = 1 (mod 12) (because is sent to e~^~ s ). 
Therefore, for r such that there is some fixed s = 1 (mod 12) with x\ = x\ for all i, the hypothesis of Lemma 
|5.3| are satisfied. At good points, we may simply choose r = s, so we may apply Lemma |5.3| for all r = 1 
(mod 12). At great points, it suffices to choose r so that r = s (mod o\) and r = s (mod 02) with s = 1 
(mod 12); because {gcd(oi, 12), gcd(o2, 12)} = {1, 2}, we may apply Lemma 5.3 for all sufficiently large odd 
r in this case. We are now ready to prove Proposition |5.2| 



Proof of Proposition We first claim that L a (C_,) is finite dimensional on a t — cij_i = 3/2, L a (V^i) is 
finite dimensional on ai — = —3/2, L a (C_i+2) is finite dimensional on = —1/2, & n d L a (C~i) is finite 
dimensional on a { = 5/2. Take M a (r) = t* ® H a (W) and let M a (r) v = M a (r)* be its restricted 

C[W]kSV* 

dual. Then, we obtain a natural map v T : M a (r) — > M a (r) , by Lemma 11.6 of |Elj . the image of this map 
is L a {r). Notice that if v T vanishes in grade d, then it must vanish in all higher grades. Therefore, for a 
fixed r, L a (r) is finite dimensional with highest weight in grade at most d — 1 if and only if Im(^ r ) is trivial 
in grade d. Computing the value of Im(i^ r ) in each grade in Magma, we see that v^_ t vanishes in grade 2 
on ai — aj_i = 3/2, vy _ { vanishes in grade 2 on — a.£_i = —3/2, ^c_ i+2 vanishes in grade 1 on at = —1/2, 
and vc-i vanishes in grade 9 on a, = 5/2. This gives the claim. 

We will use Lemma |5.3| to deduce the existence of more representations from the ones we have just found. 
We first claim that great points are Zariski dense on the lines a\ — ao = 3/2, a\ — ao = —3/2, a± = 5/2, and 
a\ = —1/2. This amounts to showing that there are infinitely many great points on each of the lines; we 
give explicit constructions of these parametrized by an odd prime p > 7 in Table [3] 

Table 3. Great points on the lines 



Line 


(a ,ai,a 2 ) 


ai - 


a Q = 3/2 


/ 7p-24 5p-12 p-6\ 
I 2p ' 2p ' p J 


ai - 


a = -3/2 


i p-24 p+12 p-e\ 
\ 2p ' 2p ' p J 


ai = 


5/2 


( 1p-\2 5 p-6\ 
I 2p ' 2 ' p J 


ai = 


-1/2 


( p-12 1 p-6\ 
\^ 2p ' 2' p J 



We now claim that for each line £, L a (r) is finite dimensional on a Zariski dense subset of £. We first do 
this for the lines a\ — ao = 3m + 3/2, a\ = 3m + 3/2, and a\ = 3m + 3/2. We consider each family of these 
lines in turn. 

First, consider the lines a\ — ao = 3m + 3/2 for m > 0. For one of the constructed great points a on the 
line Oi — ai„i = 3/2, consider the corresponding point a' = (2m+l)a on the line a\ — ao = 3m + 3/2. Notice 
that a' has non-integral rational coordinates and hence is good for all but finitely many a. Now, choose r 
odd and sufficiently large so that r = (2m + l)r', where r' = 1 (mod 12). By Lemma 
we see that L a (C.2) is finite dimensional at the point r -a — r' - a! . Applying Lemma 5.3 1 
r', we find that L a (C 2 ) is finite dimensional at a', meaning that L (C2) is finite dimensional on a Zariski 
dense subset of the line a\ — ao = 3m + 3/2. 

Now, consider the lines a\ — ao — —3m — 3/2 for m > 0. For any great point a on the line a\ — ao = —3/2, 



5.3 with parameter r, 
again with parameter 



consider a 1 = (2m + l)a on the line ai — a = —3m — 3/2. As before, 



is good for all but finitely many a 
ee 1 (mod 12) 
= r' ■ a' 



By Lemma 5.3 with 
again 



Applying Lemma 5.3 



Now, choose r odd and sufficiently large so that r = (2m + l)r', where r 
parameter r, we sec that L a (V2) is finite dimensional at the point r ■ a 
with parameter r' , we find that L a (V2) is finite dimensional at a', meaning that L a (V2) is finite dimensional 
on a Zariski dense subset of the line ai — ao = —3m — 3/2. 

Now, consider the lines a\ = 3m + 3/2, 3m + 5/2 for m > 0. For any great point a on the line a\ = 5/2, 
consider a' = |a lying on one of the lines a\ — 3m + 3/2 or a\ = 3m + 5/2 for some integer k. Note again 
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that a' is good for all but finitely many a. Choose r odd and sufficiently large so that 5r = k 



r 



(mod 12). Applying Lemma 5.3 twice with parameters r and r' , we see that L a (Ci) is finite dimensional at 
ra = |r'a and hence a'. This shows that L Q (Ci) is finite dimensional on Zariski dense subsets of the lines 
oti = 3m + 3/2 and a\ = 3m + 5/2. 

Finally, consider the lines a\ = —3m — 1/2, —3m — 3/2 for m > 0. For any great point a on the line 
ai = —1/2, consider a' = ka lying on one of the lines a\ = —3m— 1/2 or cii = —3m — 3/2 for some integer k. 
Again, a' is good for all but finitely many a. Choose r odd and sufficiently large so that r — kr' with r' = 1 



(mod 12). Applying Lemma 5.3 twice with parameters r and r' , we see that L Q (C2) is finite dimensional at 



ra 



|r'a and hence a! . This shows that L a (C2) is finite dimensional on a Zariski dense subset of the lines 



a\ — —3m — 1/2 and a\ — 3m — 3/2. 



Now, recalling that the functor uj of Lemma 4.5 is an equivalence of categories 0(H aataita2 {W)) 



0{H a2 aa ai ){W), we may apply it to the previous families of lines to obtain the conclusion for all lines. 
Hence, we have now shown that for each line £, the corresponding representation L a (r) is finite dimensional 
on a Zariski dense set £" C £. Let £' be the set of points in £" that lie only on a single line; notice that £' 
is still Zariski dense in £. Recall that L a (r) — M a (r) / 'J a (r), where J a {j) is the sum of all proper standard 
submodules of M a (r). Now, for aef, by Proposition |5.1| the character of L a (r) is given by 

x(g,t) = xm.(c_,)(j,*) + XMjv-i)(g,t) - XM a (c^(g,t) 

on the lines ai — a^_i = 3m + 3/2 and by 

x(g,t) = XM a (c- z ) +XM a (c 2 _ i )(ff-*) - XM a (Vi- t )(g,t) 

on the lines = 3m + 3/2, 3m + 5/2. In each case, J a (r) is the image of a single map M a (cr) — > M a (r) for 
some representation a of W. In particular, for each a € £' , M a (r) must contain a unique singular copy of a 
in a fixed grade d, where the value of d can be determined from the character of L a (r). 

Suppose now that M a {r) has k copies of a in grade d; let X be the subspace of M a (r) spanned by these 
and fix an isomorphism X ~ cr® fc . Write Li : a — > X for the ith inclusion. Let <Jb 1 ,...,b k be the image of 
the embedding ib 1 ,....b k : a ^ X given by v i— > J2i^i L i( v )- Fixing bases {2/1,2/2} for V* and for a, 
notice that cr& 1 ,....6 fc C X consists of singular vectors if and only if (61, . . . , &&) is in the nullspace of the map 
<j) a : C k -> M a (Vj'[n - l]®2di mCT given by 




(bi,...,b k ) i-> { 2^b m - (yi m {vi)) > . 

For a £ £' , there is a unique singular copy of a in grade d, so a has nullspace of dimension 1 on a Zariski 
dense set in £ . But the matrix entries of <pa are polynomial in a, so generic semi-continuity implies that <f> a 
has nullspace of dimension 1 on all but finitely many points {pi, . . . , p n } in £. Hence, we may define a regular 
map ijj : £ — {p%, . . . ,p n } — > P fc_1 sending a to the nullspace of (f> a \ ip extends uniquely to some ip on all of £. 

By continuity, we see that is singular for all a £ £, so we have a submodule I a (r) generated by &^t a y 
For generic a, I a (T)[t] is the image of the map p a ,t ■ SV*[t - d]© dim(T — > M a (r)[£] given by 

i 

The matrix entries of p a .t are polynomial in c, so by generic semi-continuity, for any a* e £', dim J a (r)[t] > 
dim I a * (t) [t] for all but finitely many a. Hence, for all but countably many a, we have that dim M a (r) / I a (t) < 
dim M a » (r) // a * (r) is finite dimensional. Let {qi} be the at most countable set of points where dim M a (r) /I a {j) 
is not finite dimensional. 

Let m = dimM ffl (r)// a (r) for generic a E £ and let N — dim Af a (r)- m+1 . We may now define a 
map r] : I - {q l } -> Gr N - m (M a (Tp m+1 ) by o h J a ( T ) n M a (r)- m+1 . Here, we are using the fact that 
M a {r) >m C Ia(i~). Notice that 77 is polynomial on £, hence has an extension to all of £. Now, the action of 
any x S H a (W) on Ia(r) is continuous in a, so I a (T) := 77(a) © M Q (r) >m is a submodule of M a (r) for all 
a E £. Hence, for all a € £, we see that M a (r) / I a (r) is a finite dimensional representation of i/^VF). 

It now remains for us to show that the character Xa(g,t) of M a {r) / I a {r) is as desired. Note that Xa(g,t) 
can have a non-zero coefficient of t q only for q 6 /i(t) + Z> . Write [i 9 ]Xa(<?! f° r the coefficient of t q in 
Xa(<7,<). For fixed g, we claim that, for all q G ^(t) + Z>o, the function a 1— > [t q ]xa(g,t) is continuous for 
a e £. But notice that [t q ]x a (g, t) is the character of g on the subspace of M a (r)// a (r) corresponding to 
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t q . This is a regular family of representations of W parametrized by a, hence its character [t q ]xa(g, t) is 
continuous in a. 

Now, let Xa(ff;^) be the desired character for a € I. For points not on in terse ctions of lines, notice that 



M a (r) / I c (t) is the unique finite dimensional representation, so by Proposition 5.1 we have Xa{9> t) — X*a{g^ 
for a on £ only. This means that [t q ]xa(g,t) = \t q ]x* a {g^) f° r all 1 and a °nly on ^- By continuity, we see 
that [t q ]xa{9,t) = [t q ]x* a (g,t) for all a G £, meaning that x a (ff,t) = X*(s,f) for all Thus M Q (r) /4(r) 

has the desired character, finishing the proof. □ 



We have now proved Theorem |3.1[ showing that, for each point a on exactly one line, there is a 
unique irreducible finite dimensional representation Y a . Now, by Proposition 1.12 in [BEG , we have that 
Ext (Y a ,Y a ) — 0, meaning that the category of finite dimensional representations of H a (W) is semi-simple 
at these points. This gives a complete description of finite dimensional representation theory of H a (W) away 
from intersection points of the lines. 

5.2. At intersection points. At intersection points, the irreducible representations coming from each 
incident line may degenerate, creating a more complicated representation theory. Our approach will be to 
use the functors 5 : M >— > M* and u> : M i— ► M (£> C2 given in Lemmas |4.4| and |4.5| to reduce our analysis to 
a smaller number of points. At these points, we will use Lemma |4.3| and Proposition |5.2| to determine the 
structure of the representations. 

We will use the following notations. As in Proposition |5.1| take N = (nc , «Ci , n c 2 : n v , nvi ? n v 2 1 n c 3 )- 
Now, for any such TV, define the character XN(g,t) — n a xu a (a) (<?) ~t) ■ Further, for any r with the 
decomposition [£ q (t)] = ^2 a n Ta [M a {a)], define the vector N T = (n T c , n rCl , n rC2 , n TVo , n TVl , n TV . 2 , n rC 3). 
Now, for any finite dimensional representation M of H c (t), let grade(M) = [h m i n (M), h max (M)] be the pair 
of lowest and highest h- weights of M. 



Proof of Theorem \3.2\ Notice first that Lemmas 4.4 and 4.5 together mean that the categories 0{H a (W)) 



are equivalent for c corresponding to all permutations of (ao,ai,a 2 ). It therefore suffices for us to prove the 
theorem for a suitable permutation of the parameters. 

Let a be an intersection point of the li nes and M a finite dimensional irreducible representat ion of H a (W). 

gives us a 



4.3 



Write [M] = J2a n A M a(o-)] by Lemma 4.2 Take y = C a ° /2 and w = C l/2 - Then, Lemma 
matrix A with coefficients in C(ya , ) such that all possible values of N are in the nullspace of A. At each 
intersection point, we will find that the nullspace of A has a basis consisting of vectors N such that xn are 
characters of finite dimensional representations Mjv (induced by the lines incident to a). 

We will examine each type of point separately. First, we note the following situations, which will occur 
frequently in our analysis. 

Lemma 5.4. Let M be a finite dimensional H a (W) -module with lowest (highest) weight t. Suppose that 
there is a basis for the nullspace of A consisting of vectors N such that each xn is the character of some 
finite dimensional module Mn and that the Mpj have distinct lowest (highest) weights that are at most (at 
least) h(r). Then, M is irreducible. 

Proof. Suppose for contradiction that M were not irreducible; then, we can find some irreducible submodulc 
M' of M with lowest weight r. Let M -» M' be the corresponding surjection and M" its kernel, which has 
higher lowest weight than r. Because M and M' are finite dimensional, their characters are given by Xn m 
and Xn m , for some Nm and Nm 1 in the nullspace of A; therefore, the character of M" is Xn m -n u , ■ Both 
Nm and Nm 1 are in the span of the given basis vectors {Ni} for the nullspace of A, hence so is Nm — Nm 1 - 
Because the Mm have distinct lowest weights for N in the basis, this means that Nm — Nm' contains a term 
with lowest (highest) weight at most (at least) h(r), a contradiction. So M must be irreducible. □ 

Lemma 5.5. If a 2 = 3m + 2 for some m, then dimHom ffa ( l y)(M a (Co), M a (Ci)) = 1 if m > and 
dimHom ffa(lv) (A/ Q (Ci),Af a (C )) = 1 if m < 0. 

Proof. First, notice that because Co and Ci are always irreducible, we have in all cases that 

dimHom ffa(H /)(M Q (C ),M a (Ci)) < dimHom w( { g ^ .})(C , Ci) < 1. 

Similarly, we see that dimHom^ a (vi/)(M a (Ci), M a (Co)) < 1. So it suffices to show that M a (Co) and M a (Ci) 
contain singular copies of Ci and Co, respectively, for the given values of a 2 . 
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For H 6 A with H = H s for some s £ S, take an — a s - Let P = YineA aH ' n °te that P is a fourth 
degree polynomial in C[V]. We claim that for 0,2 = 3m + 2, p -3 "^ 1 is singular in M a (Co) if to < and 
p3m+2 ig singu i ar in M„(Ci) if to > 0. For y e V, let 

s£S 

denote the Dunkl operator corresponding to y. Then we may write 

D y P = dyP- ^2 c 1 (y,a s )(x,a>s)s - 2J c 2 (y, a s )(x, a% )s, 

where Si consists of reflections with X s — u> and S2 consists of reflections with A s = lo 2 . Define the quantities 
A = d y P, B = X^seSj c i(yi a s)(x, ag)s, and C — J2 S £S 2 c ^{Vi a s){ x i a ^) s - For any s € S, notice that 

s ■ P = JJ (s • Q!h) = A s a ffs j~| ( s ' ) = ^ sP > 
HeA h^h s 

where we note that s acts by the identity on J\ H ^. H a H ■ Therefore, we find that s ■ P = ujP for s € Si and 
s ■ P = oj 2 P for s € S2. Then, notice that in M a (Co), we have 

A,P fe = [fcA + B(l + uj + ■ ■ ■ + w^ 1 ) + C{l + u 2 + ■■■ + uj 2k - 2 )]P k - 1 

and that in M (Ci), we have 

D y P k = [kA + B(lu + w 2 + ---+uj k ) + C{uj 2 + lu 4 + ■ ■ ■ + uj 2k )]P k - 1 . 

In each case, computing the values of A, B, and C in Magma, we find that D y P k = for all y if and only if 
k = —3m + 1 with to < for M a (Co) or k = 3to + 2 with to > for M a (Ci). This establishes the claim. □ 



Remark. We may also obtain Lemma |5 . 5| using Theorem 3.2 in |BE] and the classification of finite dimen- 
sional irreducible representations of iJ a (Z/3Z). 

We now analyze each type of intersection point separately. 
Points of type (11): Let a — (ao, a 1; 02) be a point of type (11). Then, we have that a, t — <ij_i = 3to^ + 3/2 
and a.; + i — aj = 2>nii+\ + 3/2 for some i and rrii,mi+i £ Z. Assume first that i = 2; that is, we have that 
C12 — a± = 3m,2 + 3/2 and ao — a-i = 3toq + 3/2. This means that (ao, ax, a^) — (2mo + m2 + 3/2, -2wi2 — 
mo — 3/2, to 2 — too). Since a is not a point of type (1122), we must have that ao — 1/2, a\ — 1/2 = (mod 3). 
This means in particular that mo ^ TO2 (mod 3) and that 4too + 2m,2 + 3 and 2mo + 4to2 + 3 are non-zero. 

Now, we find that that (y,w) = (^4mo+2m 2 +3^-4m 2 -2m -3^ For mo?m2 e z, this gives a finite number 
of possible values for (y,w). Computing in Magma, we find that, for each of these values of (y,w), A has 
a two dimensional nullspace spanned by Nq — (1,0, 0, 1, 0, 0, —1) and Ni = (0, 1, 0, 0, 1, 0,-1). Hence, there 
must be exactly two finite dimensional irreducible representations at these points. 



By Proposition 5.2 there are finite dimensional representations So and Si with characters xat an d XJVi 
at this point. Let the lowest weights of So and £1 be t and t\, respectively, where r, € {Cj, V^} depends on 
a. Then, we see that L (to) and L a {r\) must be the two finite dimensional representations. It remains to 
compute their characters. We now consider different cases for the sign of too and 777.2. 

• First, suppose that 7772, too > 0. Then, we have that (to,tx) = (Co,Ci). In this case, we have that 
grade(S'o) = [h(C x ) + 4m 2 - 4to , h(Ci) + 4m 2 + 2m + 1] and grade(S'i) = [h(C x ), h(d) + 6to 2 + 1]. 



If m 2 > to , Sq is irreducible by Lemma 5.4 Now, L a (ji) is a quotient of Si, hence its character 



must be given by xn x — kxN — X(-fc,i,o,-fc,i,o,-i+fe) f° r some k > 0. By Lemma 5.5 we see that 
dimHom;if a ( W /)(M a (Co),M a (Ci)) = 1 in this case. Therefore, there is exactly one singular copy of 
Co in M a (Ci). But h(Co) < h(C 3 ), so Co is the singular vector of lowest weight in M^C 1 ), hence 
it is singular in Si as well. This implies that k = 1 and hence L a (ri) has character X(— 1,1,0,-1, 1,0,0) ■ 
Further, we obtain a map M a (ro) — > Si; but the unique singular representation C 3 C M q (to) maps 
to zero in Si by the construction of Si, meaning that this map factors through M a (ro) — » L a (ro) — > Si 
to give rise to a map Sq — ► Si. Notice now that coker(S'o — > Si) is a non-zero submodule of L a (ri), 



hence is the other irreducible representation. If to 2 < toq, Si is irreducible by Lemma 5.4 and an 



analogous argument again using the other portion of Lemma 5.5 shows that coker(Si — > Sq) — L a (ro) 
has character X(i, -1,0,1,-1,0,0)- 
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To summarize, if m 2 > tuq, Sq and coker(So — * Si) are the irreducible representations with char- 
acters XN = X(i,o,o,i,o,o,-i) and XNi-No = X(-i, 1,0 ,-i,i,o,o)- If m 2 < "i , Si and coker(Si -> S ) are 
the irreducible representations with characters XNi — X(o, 1.0,0,1.0,-1) and X^o-JVi = X(i, -1,0,1,-1,0,0)- 

• Now, suppose that m 2 > 0, m < 0. Then, we have that (t ,ti) = (Vo,Ci) with grade(So) = 
[hid) + 4m 2 + 2m + 3,/i(Ci) + 4m 2 - 4m - 2] and grade(Si) = [h(d), h(d) + 6m 2 + 1]. If 
4m + 2m 2 + 3 and 2m + 4m 2 + 3 have different signs, we see that So and Si are representations 
with either highest lowest weight or lowest highest weight in the set {So, Si}, so by Lemma [5^4] they 
are both irreducible. 

If 4mo + 2m 2 + 3 and 2mo + 4m 2 + 3 are both positive, then So is irreducible by Lemma |5.4| 
Now, we see that L a {ri) is a quotient of Si, hence its character must be given by XNi — k\N Q — 
X(-fe,i,o,-fc,i,o,-i+fe) f° r some k>0. If k > 0, then we have h(Ct) < h(V ) < h(C 3 ) < h(C ) < h(Vi), 
meaning that Vb must be singular in Ci. But by Lemma [4. 9| this is impossible because a\ is of the 
form 3m + 1/2. Therefore, k = 0, meaning that Si is irreducible. If 4mo + 2m 2 + 3 and 2mo + 4m 2 + 3 
are both negative, the same argument with the roles of So and Si reversed implies again that both 
So and Si are irreducible. 

To summarize, we have that So and Si are the irreducible representations of H a (W) in this case, 
and they have characters xn = X(i,o,o,i,o,o,-i) and XiVj = X(o,i,o,o,i,o,-i)- 

• Now, suppose that m 2 < 0, m > 0. Then, we have that (t ,ti) = (C ,Vi) with grade(S ) = 
[/i(Co),/i(C ) + 6m + l] andgrade(Si) = [h{C ) +4m +2m 2 + 3, h(C ) +4m -4m 2 -2]. As in the 
previous case, if 4mo + 2m 2 + 3 and 2mo + 4m 2 + 3 have different signs, So and Si are representations 
with either highest lowest weight or lowest highest weight in the set {So, Si}, so they are irreducible 
by Lemma [5~4} 

If 4too + 2m 2 + 3 and 2m + 4m 2 + 3 are both positive, then Si is irreducible by Lemma |5.4| 
Now, we see that £ a (To) is a quotient of So, hence its character must be given by \n — k\N x = 
X(i,-/s,o,i,-fe,o,-i+fc) f° r some k>0. If k > 0, then we have h(Vi) < h(C ) < h(C 3 ) < h(V ) < h(Ci), 
meaning that Co must be singular in V\ . But by Lemma |4.9| this is impossible because ag is of the 
form 3m + 1/2. Therefore, k = 0, meaning that So is irreducible. If 4too + 2to 2 + 3 and 2mo + 4m 2 + 3 
are both negative, the same argument with the roles of So and Si reversed implies again that both 
So and Si are irreducible. 

To summarize, we have that So and Si are the irreducible representations of H a (W) in this case, 
and they have characters xn = X(i,o, 0,1, 0,0,-1) and XiVi = X(o, 1,0,0,1,0,-1)- 

• Finally, suppose that m 2 ,m < 0. Then, we have that (t ,ti) = (V~o,Vi). Now, notice that S 
gives a map between irreducible representations of H a (W) and H a /(W), where a' = (— 2m 2 — mo — 
3/2, 2rno + m 2 + 3/2, m 2 — mo) = (2m + m' 2 — 3/2, — 2m 2 — m + 3/2, m 2 — m ) for m — — m 2 — 1 
and m 2 = — m — 1, where m' ,m' 2 > 0. Now, if m 2 < m <J=> m 2 > m' , then by the first case 
5(So) and coker(<5(So) — > <^(Si)) are the irreducible representations of H a >(W). Therefore, we see 
that So and ker(Si — > So) are the irreducible representations of H a (W). If m 2 > mo <S=^ m' 2 < m , 
then S(Si) and coker(<5(Si) — > <5(So)) are the irreducible representations of H a '(W), hence Si and 
ker(So — * Si) are the irreducible representations of H a (W). 

To summarize, if m 2 > m , Si and ker(So — > Si) are irreducible with characters xn ± — 
X(o, 1,0, 0,1, 0,-1) and xWo-JVi = X(i, -1,0,1,-1,0,0)- If m 2 < m Q , S and ker(Si -> S ) are irreducible 
with characters xn = X(i,o,o,i,o,o,-i) and XW1-JV0 = X(-i, 1,0,-1,1,0,0)- 



Now consider i ^ 2. The map us given by Lemma 4.5 maps the simple object L ao ai a2 (r) to a simple object 
in 0{H a2ta(uai {W)) with lowest weight r ® C 2 . Thus, we find that uj(L ao , aua2 (T)) = L a2 , a0)Ol (r ig) C 2 ), so 
L a2 ,a ,a 1 (T <S> C 2 ) is finite dimensional if and only if L aQMl _ a2 (r) is finite dimensional. Because us is exact, 
it induces a map K{O{H a0 ^ ai)a2 (W))) — > K(O(H a2 _ a0 _ ai (W))). This allows us to compute the character of 
(t®C 2 ) using the fact that u^{M ao ^ ai ^ a2 (t)) = M a2 _ ao _ ai (T (g) C 2 ). Applying us either one or two 
times to the representations given in each case above gives the claimed list of finite dimensional irreducible 
representations. This completes the analysis for points of type (11). 

Points of type (22): At these points, we have that a.; = mi + 1/2 and a^+i = m^+i + 1/2 for some % 
with mi,mi + \ ^ (mod 3). If m t = m^ + i (mod 3), then a^ +2 = — m, — m^ + i — 1. In this case, we have 
ai + i — a,i + 2 — mi + 2m^ + i + 3/2, so this point is also on a line of type 1 and is not of type (22). Hence, we 
must have that m 4 ^ m i+ i (mod 3). 



FINITE DIMENSIONAL REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRA FOR G 4 



17 



First consider the case i = 0. Then, we have (do, tti, a 2 ) = ("lo + 1/2, mi + 1/2, — too — mi — 1) and hence 
(y,w) = ^ 2 ™o+i^2mi+ij^ Again, we see that there are a finite number of possible values for (y,w), and 
computing in Magma we find that, for each of these values, A has a two dimensional nullspace spanned by 
Mi = (1,0,1,0,-1,0,0) and M = (0,1,1,-1,0,0,0). Therefore, there are exactly two finite dimensional 
irreducible representations at these points. 



By Proposition 5.2 we have finite dimensional representations R\ and Rq with characters xm x and xm at 



these points. Let the lowest weights of Ri and Rq be p\ and po, respectively, where the values of p\ € {Co, C2} 



and po € {Ci,C2} depend on the location of a. By Lemma 4.1 p\ = Co if ao > and p\ = C2 if a§ < 0; 
similarly, po = Ci if ai < and po = C2 if ai > 0. We divide now into cases depending on the sign of Too 
and toi . 

• Suppose first that too < 0, mi > 0. Then, we have that p\ = po = C2. Notice now that grade(i?i) = 
[h(C 2 ),h(C 2 ) - 4to - 4] and grade(i? ) = [h(£ 2 ),h(C 2 ) + 4mi]. We claim that -4to - 4 ^ 
4toi; suppose otherwise for contradiction. Then, we have that too + mi = — 1. But we have that 
mo — toi, Too, mi ^ (mod 3), so {mo, mi} = {1, 2} (mod 3), meaning that mo + toi = (mod 3), 
a contradiction. Therefore, one of R\ and Rq has lower highest weight than the other. Let this 
representation be Rj] if mo + mi + 1 > 0, we have j = 1; otherwise, if mo + mi + 1 < 0, we obtain 
j = 0. By Lemma [5. 4| we have that Rj = L a (C 2 ). 

Let the module R[_j be the kernel of the map R\-j — > L a (C 2 ). Notice that R'i_j is a finite 
dimensional representation with character XMi-j — XM r Suppose that R'i—j had lowest weight r. 
Because h{r) > h(C 2 ), we have n T c 2 = 0; further, we have n TT = 1, because N T is in the integer span 
of M\-j and Mj, we find that N T — Mi_j — Mj. Thus we see that R'i_j — L a (r), so Rj and R'i_j 
are the two irreducible representations in this case and they have characters xm 3 and XMi_, — Xm^ 
respectively. 

• Now, suppose that mo > 0,mi < 0. Then, we see that p\ — Co and po = Ci, meaning that L a (Co) 
and L a (Ci) are the only finite dimensional irreducible representations. Notice that grade(i?i) = 
[h(C ),h(C ) + 4m ] and grade(i? ) = [h(C ) + 4m + 4m x + 4, h(C ) + 4m ]. Therefore, one of R x 
and i?o has a higher lowest weight than the other and therefore is irreducible. Let this be Rk] if 
mo + mi + 1 > 0, then k — 0; otherwise, if mo + mi + 1 < 0, then k = 1. Now, by Lemma [5. 4| this 
means that Rk is irreducible, so L a (C\-k) = Rk- 



Applying the map S of Lemma 4.4 we see that Rk and R\-k have the same highest weight, as 
they had the same lowest weight in the previous case. Therefore, we may define a map R\-k — * 
L a (Ci_fc) = Rk; let R\_ k be its kernel. Notice that R[_ k is finite dimensional with character 
XMi-u ~ XM k - Notice that i?'i_ fc has highest weight r less than the common highest weight a of 



Rk and R\-k, so applying Lemma 5.4 to R[_ k and the basis {Mi_ k — M k , Mk} shows that R[_ k is 
irreducible. Therefore, the two irreducible representations in this case are R k and R'i_ k i and they 
have characters XM k and XA/i_ fc — X.M k , respectively. 

• Now, suppose that m , mi > 0; write a = m + 1/2 and ai = mi + 1/2 with m , mi ^ (mod 3). 
In this case, p\ = Co and p = C 2 , with h(C 2 ) — h(Co) — 4m + 2 > 0. Now, from the form 
of its character, we see that grade(i?o) = [ft(Co), ft-(Co) + 4mo + 1], while i?i has lowest weight in 
grade h(C 2 ) — /i(Co) + 4mo + 2. Because Rq and R\ exist in disjoint grades, no non-trivial linear 
combination of the characters of Rq and R\ can be the character of a quotient of either Rq or R\. 
But the characters of L a (Co) and L a (C2) are in the integer span of the characters of Rq and R\, so 
we may conclude that L a (Co) = Rq and L a (C2) = R\ are the irreducible representations. 

• Finally, consider the case mo, mi < 0; write ao = —mo + 1/2 and a\ — —mi + 1/2 with mo, mi ^ 
(mod 3). We have that p\ = C2 and pq = Ci, with h(C 2 ) — h(Ci) — Ami — 2 > 0. Note that 
grade(i?i) = [h(Ci), h(Ci) +4mi — 3], while Rq has lowest weight in grade h(C 2 ) = /i(Ci) +4toi — 2. 
As in the previous case, Rq and i?i have no non-trivial quotients whose characters are in the integer 
span of XMq and XMi- So we find again that L a (C2) = Ri and L a (Ci) — Rq are the irreducible 
representations . 

This completes the analysis in the case i = 0. Thus far, we have shown that the finite dimensional irreducible 
representations correspond to the claimed list when i — 0. For the general case i ^ 0, we may apply the 



equivalence of categories u> given by Lemma 4.5 Notice that u}(L aQtai . a2 (T)) = L a2taQtai (r ® C2), so by 



applying u> either once or twice, we may determine the simple objects of 0(H_ mo _ mi _i imo+ i/ 2 Tni+ i/ 2 (W)) 
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and 0(H mi+1/2 _ mo _ mi _i jmo+1/2 (W)) from the simple objects of O(H m0+1/2 ^ mi+1/2 _ mo _ mi _ 1 (W)). This 
means that i applications of uj^ 1 to the finite dimensional irreducible representations for i = gives the finite 
dimensional irreducible representations at general i. The desired result then follows because uj preserves res- 
olutions by exactness and it acts by w(M a0)aiiO2 (Cj)) = M O2)O0>ai (Q_i), w(M O0)(ll)a2 (F i )) = M aa>O0)Ol 
and w(M O0 , ai , a2 (C 3 )) = A/ a2 , ao , ai (C 3 ). 

Points of type (1122): At these points, we have that cij = + 1 /2 and <Zj+i = TOj+i + 1/2 for some i with 
mi,rrii + i ^ (mod 3). This means that ai +2 — —mi — rrii+i — 1, so aj+i — aj+2 = m.j + 2m-i+i + 3/2 and 
ai + 2 — = ~2rrii -nii + i — 3/2. Hence, we see that a is a point of type (1122) if and only if nii = m^i = 1,2 
(mod 3). 

We first consider the case i = 0. We have that (a,Q,ai,a 2 ) = (mo + 1/2, mi + 1/2, —mo — mi — 1) 
and (y,w) = (£ 2m o+i ; ^ 2m i+ 1 ). For integer mo and mi, this gives a finite number of values of (y,w). 
Computing in Magma, we find that A has a three dimensional nullspace spanned by M\ = (1, 0, 1, 0, — 1, 0, 0), 
M = (0,1,1,-1,0,0,0), Ni = (0,1,0,0,1,0,-1), and N Q = (1,0,0,1,0,0,-1). Therefore, there are exactly 
three finite dimensional irreducible representations at these points. 

Now, by Proposition |5.2[ there are finite dimensional representations R\ , Rq , Si , and Sq with respective 
characters XM t , Xm > Xn-l > and xn at these points. Let the lowest weights of these representations be 
ri,To,pi, and pq. Here, the values of t\ € {Co,C2}, r € {Ci,C2}, pi € {Ci,Vi}, and po € {Co, Vb} depend 
on the location of a. We divide now into cases depending on the signs of mo and mi. 

• Suppose first that mo, mi > 0. In this case, we find that (n, To, pi, po) = (Co, C2, Vi, Co) and 
that h(C 2 ) > h(Vi) > h(Co). Thus, we see that L a (Co), L a (C 2 ), and L a (Co) are the finite dimen- 
sional irreducible representations. Notice now that the lowest weight C2 of Rq is the highest among 
Ri,Rq,Si,Sq, so by Lemma |5.4[ we see that Rq is irreducible, meaning that L a (C 2 ) = Rq. 

Now, notice that h(C 2 ) — h(Co) = 4mo + 2 and that h(Vi) — h(Co) = 2mo + 1. By the character 
formulas for Ri,R , Si, and S , this means that grade(i?!) = [h(C ), h(C ) + 4m + 1], grade(i? ) = 
[h(C ) + 4m + 2, h(Co) + 4m + 4m x + 3], grade(S'i) = [h(C ) + 2m + 2, h(C ) + Ami + 4m + 3], 
and grade(So) = [h(Co), h(Co) +4m + 2mi + 1]. Therefore, the highest weight of i?i is least among 
Ri,Rq,Sx, and So; by Claim 5.4 this mean that Ri is irreducible and hence L a (Co) = Ri- 



Note that ker(S'o — * Ri) is a finite dimensional representation with character xn ~ XMi — 
X(o. 0,-1. 1,1,0.-1)- Because h(Vi) < h(V ), we see that ker(S , — > Ri) has lowest weight V\. Now, 
notice that L a {Vi) is a quotient of ker(S f — > i?i) such that xv\ — Xn — ^Xm x for some k € Z. Here, 
the coefficient of X-/v must be 1 because = 1, while fc > 1 because dimL a (Vi) < dimS*o/i?i. 

But now notice that the ^(Co)+4m +4m 1 +2 coemc i ents f xjv (1,*) and are both equal to 1, 

so k < 1 and hence k — 1. Therefore, we see that L c (Vi) = ker(5 , — > i?i) and Xvi — X^o — XAfi- I n 
this case, we see that the finite dimensional irreducible representations are Ro, Ri, and ker(So — > Ri), 
with characters xm , XMi, and Xjv -Mi- 

Now, suppose that mo, mi < 0. We have that (n,To,pi,po) = (C2, Ci, Ci, Vb) and that h(C 2 ) > 
h(Vo) > h(Ci). As in the previous case, this implies that L a (C 2 ),L a (V~o), and L a (Ci) arc the finite 
dimensional irreducible representations and that L a (C 2 ) = R%. Now, notice that h(C 2 ) — h(Ci) = 
—Ami + 2 and that h(Vo) — h(Ci) = — 2mi + 1. As before, we conclude from the characters of 
Ri,R ,Si, and S that grade(i?i) = [ft(Ci) - 4mi - 2,h(d) - 4m - 4m a - 6], grade(i? ) = 
[h(Ci), fc(Ci) - 4mi - 4], grade(5'i) = [/i(Ci),/i(Ci) - 2m - 4mi - 5], and grade(S'o) = [h(C{) - 
2mi — 1 , h (Ci ) — 4mo — 4m 1 — 6] . Thus we see that the highest weight of Rq is least among Ri,Rq,Si, 



and <Sb, meaning that L a (Ci) = Rq by Claim 5.4 



Now, note that ker(«Si — + Rq) is a finite dimensional representation with character XN t ~ Xm = 
X(o, 0,-1, 1,1, o,-i)- Notice that ker(5i — * i?o) has lowest weight Vb; therefore, L a (Vo) is a quotient of 
ker(Si — * Ro). On the other hand, we may write xv — Xn 1 — kxM for some positive integer k; 
here k must be positive because dim L a (Vo) < dimker(5i — > i?o) < dimi?o- But on the other hand, 
the coefficients of i' l (Ci)-4m -4m 1 -6 m an( j ~^ N ^ are both 1, meaning that k < 1. Thus we may 
conclude that L a (Vb) = ker(5i — > i?o) and hence xv = XjVi — XAf - I n this case, we see that the 
irreducible representations are Rq, Ri, and ker(S*i — > Ro), with characters Xm iXMi, and XWi-Mo- 
Now, suppose that mo > 0, mi < 0. Then, we see that n = Co, To = Ci, and 

.., 2mi+3/2>0 , fc 2m + mi + 3/2>0 

Pi = < and po = \ 

1 '2mi+3/2<0 1 Vb 2m + mi+3/2<0 




FINITE DIMENSIONAL REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRA FOR G 4 



19 



We divide further into cases. 

Case 1: If m + 2m\ + 3/2 > 0, then we see that (ti, to, pi, po) — (Co, Ci, Vi, Co) and h(Ci) > 
h{V\) > h(Co)- By Lemma |5~I| this means that L a (Ci) = Ro- Now, the characters of Ri, Ro, Si, So 
imply that grade(i?i) = [h(C a ), h(C ) + 4to ], grade(i? ) = [h(C ) + 4to + Ami + 4, h(C ) + 4m ], 
grade(Si) = [h(C )+2m +l, /i(C )+4m +4mi+2], and grade(S ) = [h(C ), /i(C )+4m +2mi + l]. 
Therefore, Si has the lowest highest weight of R±,Ro, Si, So, so by Lemma pT4| we have L a (V\) = Si. 

Now, notice that S(Ri) and S(Rq) have the same lowest weight, so there is a surjection <5(i?i) -» 
S(Ro) which induces an injection Ro R±. Hence, we see that Ri/Ro is a finite dimensional 
representation with character xm x — Xm an d lowest weight Co, meaning that L a (Co) is a quotient 
of Ri/R - Therefore, we may write XL a (c ) = Xm x - Xm ~ Ixm ~ kxm because Xhh , Xm , Xm form 
a basis for characters of finite dimensional representations of H a (W). But the dimension of L a (Co) 
in grade 4mo must be non-negative, so I = 0. Thus, we see that Xh a {c Q ) — X(i,-i-fc,o,i,-i-fc,o,fc) f° r 



some k; because L a (Co) is a quotient of Ri/Ro, we have that k > 0. By Corollary 4.7 we have 

dimHom Ha(w) (M a (Ci),M a (C )) < dimHom w({( ^ j)(Ci, C ) < 1. 

This combined with the fact that M a (Ci) has no self-extensions means that there can be at most one 
singular copy of Ci in M„(Co). Hence, we find that k = and therefore XL a (c ) — Xl, -1,0,1,-1,0,0, 
meaning that L a (Co) = Ri/Ro- We may now conclude that the finite dimensional irreducible 
representations in this case are Ro, Si, Ri/ Ro with characters xm , XNh an d XMi-m , respectively. 
Case 2: If mo + 2mi + 3/2 < and 2mo + mi +3/2 > 0, we see that (r 1; r , pi, pa) = (C , Ci, Ci, C ) 
withgrade(i?!) = [h{C ), h(C )+4m ], grade(i? ) = [/i(C )+4m +4m 1 +4, h(C )+4m ], grade(5i) = 
[h(C ) + 4m + 4mi + 4, h(C ) + 2m - 1], and grade(S'o) = [h(C ),h(C ) + 4m + 2mi + 1]. 

If mo + mi + 1 > 0, then we have h(Ci) > h(Co)- Hence, we conclude that Si has the lowest 
highest weight and is irreducible by Lemma [5.4| so L a (Ci) — Si. Because Ro has lowest weight 



li, we may consider the representation ker(i?o — > Si); notice that it has character xm — XNi- 



Then, applying Lemma 5.4 to Rq/Si and the basis {M — Ni,Ni,Mi} shows that ker(i? — * Si) 
is irreducible. Now, notice that So has unique highest weight among {Ri, Ro, Si, So}, hence it has 
an irreducible quotient L with the same highest weight. Because Si has the only lower highest 



weight, we have xl — XN -kNi — X(i,-fc,o,i,-fc,o,-i+*) f° r some k > 0. But by Lemma 4.8 there 
are no singular copies of Ci in M (Co), meaning that k = 0, hence L = Si. Therefore, the finite 
dimensional irreducible representations arc Si, ker(i?o — > Si), and So with characters X(o, 1,0,0,1,0,-1), 

X(0,0,i, -1,-1,0, 1)j an d X(i, 0,0,1, 0,0,-1) • 

If instead mo + toi + 1 < 0, then we have h(Ci) < h(Co). Hence, So has the lowest highest 
weight and is irreducible by Lemma [5.4| Because Ri has lowest weight Co, we may consider the 
representation ker(i?i — > So); notice that it has character XMi ~ Xn„- Applying Lemma 5.4 to 
ker(i?i — ► So) and the basis {Mi — No, No, Mo} shows that ker(i?i — ■> So) is irreducible. Now, notice 
that Si has unique highest weight among {Ri, Ro, Si, So}, so it has an irreducible quotient L with 
the same highest weight. Because So has the only lower highest weight, we see that xl = XN!~kN — 



X(-k,i,o,— fc,i,o,-i+fe) f° r some k > 0. But by Lemma 4.8 there are no singular copies of Co in M a (Ci), 
implying that k = 0, hence L = So- Thus, the finite dimensional irreducible representations are So, 
ker(i?i -> So), and Si with characters X(i,o,o,i,o,o -l) 1 X(o,o,i, -1,-1,0,1), and X(o,i,o,o,i,o,-i)- 
Case 3: If 2m + mi + 3/2 < 0, we see that (n, r , pi, po) = (Co, Ci, Ci, Vq) with h(Ci) < h(Co) 
and grade(i?i) = [h(Ci) + -4m - 4m x - 4, h(Ci) - 4m x - 4], grade(i? ) = [h(Ci), h(C x ) -4m x - 4], 
grade(Si) = [h(Ci), /i(Ci)-2m -4mi-5], and grade(S ) = [h(C 1 )-2m 1 -l, /i(Ci)-4to -4toi-6]. 
Because Ri and So have highest lowest weight and lowest highest weight, they are irreducible. Now, 
notice that i?i and i?o have the same highest weight, meaning that S(Ri) and S(R ) have the 
same lowest weight. Therefore, we have a surjection S(Rq) —»■ 5(Ri) which induces an injection 
i?i c — > Rq. Then, note that R0/R1 is a representation of lowest weight Ci and character Xm -Mi = 
XNi-n - Hence, L a (Ci) is a quotient of R0/R1, so it has character XL a (d) — Xr /Ri 



-kN„ 



X(-i-fc,i,o,— 1— fc,i,fc) f° r some k > 0. Now, by Corollary 4.7 we have 

dimHom ffa(lv) (M a (Co),M a (Ci)) < dimHom w({g ^ j »(C , Ci) < 1. 

Combined with the fact that M Q (Co) has no self-extensions, this means that there is at most one 
singular copy of Co in M a (Ci), hence k — 0. This means that L a (Ci) = Ri/Rq. Therefore, the 
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finite dimensional irreducible representations are So, and Rq/Ri with characters X(i, 0,1,0,— 1,0,0); 

X(1,0,0, 1,0,0,-1); and X(l, -1,0,1,-1,0,0)- 

• Now, suppose that mo < 0, m\ > 0. The map S of Lemma |4.4| gives a map between irreducible 
representations of H a (W) and H a /(W), where a' = (mi + 1/2. m + 1/2, — m — mi — 1) = (m + 
1/2, m'j = 1/2, — 77i — m^ — 1), where m' — m x and m'i = mo- In particular, by considering limits 
along the lines incident to a, we find that S(Ri) = R' , S(Ro) = R[, S(Si) = S' , and S(So) = S[, 
where R' 1 ,R' Q , S[, and S' are the representations of H a >(W) on the lines ao — m' Q + l/2, a x = m' 1 + l/2, 
ai — C12 = m' + 2m[ + 3/2, and ao — 02 = 2m' Q + m[ + 3/2, respectively. We again divide into cases. 
Case 1: If 2mo + mi + 3/2 > 0, then we have that m' + 2m' + 3/2 > 0. Therefore, by the previous 
case, S(Ri), S(S ) and coker(5(R ) — > 6(R±)) are irreducible representations of H a >(W). Applying 
S, this means that the irreducible representations of H a (W) are R\, So, and ker(i?i — > Ro), with 
characters 0,1,0 -1,0,0); X(i,o,o, 1,0, 0,-1), and X(-i, 1,0, -1,1,0, o)- 

Case 2: If 2m + mi + 3/2 < 0, m + 2mi + 3/2 > 0, m + mi + 1 > 0, then m + 2m\ + 3/2 < 
0,2m +m' 1 +3/2 > 0,m + m'i + l > 0. In this case, we see that S(S ), 5(Si), and ker(S(Ri) -> S(S )) 
are the irreducible representations of H a >(W). Applying 5 and using exactness, we see that the 
irreducible representations of H a (W) are So, S±, and cokerf^So — ► Ri), with characters X(i, 0,0, 1,0. 0,-1); 

X(o, 1,0, 0,1, 0,-1); an d X(o, 0,1, -1,1, o,i)- 

If 2m + mi + 3/2 < 0,m + 2m x + 3/2 > 0,m + m 1 + 1 < 0, then m + 2m[ + 3/2 < 
0,2m' + m' 1 +3/2 > Q,m'o+m' x + l < 0. In this case, we see that S(S ), S(Sx), and ker(5(i? ) -> ^(-5i)) 
are irreducible representations of H a /(W). Applying S, the irreducible representations of H a (W) are 
S , Si, and coker(5i -> Ro), with characters X(i,o,o, 1,0, 0,-1), X(o,i, 0,0, 1,0,-1), and X(o,o, 1,-1, 1,0, i)- 
Case 3: If m + 2mi + 3/2 < 0, then 2m + m[ + 3/2 < 0, which means that S(R ),5(Si), and 
coker(<S(i? ) — ► S(Ri)) are irreducible representations of H a i{W). Applying 5, the irreducible repre- 
sentations of H a (W) are Rq, Si, and ker(i?i — » i?o), with characters X(o,i, 1,-1, 0,0,0); X(o, 1,0,0,1,0,-1); 
and X(i, -1,0, 1,-1,0, o)- 

This completes the analysis in the case i = 0. Thus far, we have shown that the finite dimensional irreducible 
representations correspond to the claimed list when i — 0. For i =/= 0, the equivalence u> given by Lemma 
4.5 satisfies w(L O0)ai)a2 (r)) = £ O2)a0)ai (r (8 C2). Therefore, for general i ^ 0, we may obtain all irreducible 



representations of H a (W) by applying u> either once or twice to the representations found for i — 0. Com- 
bining this with the fact that aj(M a0:aua2 (Ci)) = M a3>ao , ai (Q.i), w(M O0:O1:a2 (V^)) = A4 2 ,a„, ai (VJ_i), and 
w(M Q0iaija2 (C 3 )) = M Q2:Qf)iQl (C 3 ) completes the proof. □ 
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